SCATTERING ABOVE ENERGY NORM OF SOLUTIONS OF A 
LOGLOG ENERGY-SUPERCRITICAL SCHRODINGER 
EQUATION WITH RADIAL DATA 
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Abstract. We prove scattering of H k := H k (R n ) n i/ 1 (R")- solutions of the 

4 

loglog energy-supercritical Schrodinger equation idtu+/\u = \u\ ™- 2 ulog c (log (10 + |«| 2 )), 
< c < Cn, n = {3,4}, with radial data u(0) = u e H k := H k {M. n )r\H 1 {W l ), 
k > ~. This is achieved, roughly speaking, by extending Bourgain's argument 
[l] (see also Grillakis [5]) and Tao's argument in high dimensions. 



1. Introduction 

We shall study the solutions of the following Schrodinger equation in dimension 
n, n G {3,4}: 

(1.1) id t u + Au = \u\*=*ug(\u\) 

with g(\u\) := log c (log (10 + |u| 2 )), < c < c„ and 

{ (n-2) 2 (6-n) _ o 

2n(4n 2 - 15n+22) (46n 2 -70n+20) ' U ~ 
(n+2)(6-») , 
(n 2 + 12n+4)(44n 2 -62n+12) ' 

This equation has many connections with the following power-type Schrodinger 
equation, p > 1 

(1.3) idtv + Av = l^l^- 1 ^ 



(|1.3p has a natural scaling: if v is a solution of (11. 3|) with data v(Q) := «o and if 
A 6 R is a parameter then v\(t,x) := \ u (-^, |J is also a solution of (|1 .3|) but 



with data v\(0, x) := \ up (f). If s p = 5 zy then the £P p norm of the initial 



data is invariant under the scaling: this is why (|1.3|) is said to be H Sp - critical. If 
p = 1 + — then (|1.3p is if 1 (or energy) critical. The energy-critical Schrodinger 
equation 

(1.4) idtu + Au =\u\^u 

has received a great deal of attention. Cazenave and Weissler [5] proved the local 
well-posedness of (|1.4p : given any u(0) such that ||u(0)||^-i < oo there exists, for 

some to close to zero, a unique u G C t ([0, £n]j if 1 ) nL f "~ 2 L x "~ 2 ([0, to]) satisfying 
(|1.4|) in the sense of distributions 
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(1.5) u{t) = e ltA u{0) - i f Q e*(*-* )A \u(t')\^ u(t') 



dt 



Bourgain PQ proved global existence and scattering of radial solutions in the class 

2(n + 2) 2(n + 2) 

CtH 1 fl L t n ~ 2 L x n ~ 2 in dimension n = 3,4. He also proved this fact that for 
smoother solutions. Another proof was given by Grillakis [5j in dimension n = 
3. The radial assumption for n = 3 was removed by Colliander-Keel-Staffilani- 
Takaoka-Tao jl]. This result was extended to n — 4 by Rickman-Visan [7] and 
finally to n > 5 by Visan [T3]. If p > 1 + ^2 then s p > 1 and we are in the 
energy supercritical regime. The global existence of 77 fc -solutions in this regime is 
an open problem. Since for all e > there exists c e > such that 



< 



J \u\ n ~ 2 ug(\u\) < c £ max(l, ||u| >»- 2+e u|) then the nonlinearity of (|l.ip is said to be 
barely supercritical. 

In this paper we are interested in establishing global well-posedness and scat- 
tering of H k := H k (W l ) n H 1 (W n ) - solutions of JO) for n G {3,4}. First we 
prove a local- wellposed result. The local well-posedness theory for (jl.ip and for 
77 fe -solutions can be formulated as follows 

Proposition 1. "Local well-posedness " Let M be such that ||uo||&* < M. LEt 
n G {3,4}. Then there exists S :— S(M) > small such that ifTi > (Ti—time of 
local existence) satisfies 

(I 6 \ ||e <tA u || 2 (re +2) 2 („+2) < S 

v ' ; L t n ~' 2 h x n -' 2 ([0,T ( ]xE") 

2(n + 2) 2(n + 2) 2(n + 2) 2(n+2) 

then there exists a unique u £ C([0,Ti], H k )C\L t n ~ 2 L x n - 2 ([0,Ti])nD- 1 L t " L x " ([0,T;])n 

2(jt,-|-2) 2(n-|-2) 

D- k L t n L x n ([0,Tj]) sucft ffeaf 

(1.7) u(t) = e <tA u -iJ *e i (*- t '> A (|«(t')|^«(i')ff(|u(t')|)) dt' 

zs satisfied in the sense of distributions. 

This allows to define the notion of maximal time interval of existence I m ax, that 
is the union of all the intervals 7 containing such that (|1.7p holds in the class 

2(" + 2) 2(n+2) 2(n + 2) 2(n + 2) 2(n + 2) 2(n + 2) 

C(I,H k )nL t n - 2 L x n - 2 {I)V\D- x L t " L x " {I)C\D- k L t " L x " (7). Next 
we prove a criterion for global well-posedness: 

Proposition 2. "Global well-posedness: criterion" If\I m ax\ < 00 then 

(1.8) Ml 2 '"+ 2 2 > 2 ("+ 2 > = 00 



These propositions are proved in Section [2l With this in mind, global well- 
posedness follows from an a priori bound of the form 

(191 IMl 2 <"+ 2 > 2 <"+ 2 ) < /( T > Ikollfffc) 

V ' ' L t "- 2 L/- 2 ([ — T,T]) 
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for arbitrary large time T > 0. In fact we shall prove that the bound does not 
depend on time T. 

The main result of this paper is: 

Theorem 1.1. The solution of fl-l\) with data u(0) := uq G H k , n — {3,4}, 
k > \ and < c < c„ exists for all time T. Moreover there exists a scattering state 
iio.+ G H such that 

(1.10) lim IK*) - e 4tA uo,+||jff* =0 

v ' t—>oo 

and there exists C depending only on ||tio||&* such that 
(HI) \\ u \\ 2 ( n+2) 2(^+2) <C(\\u \\H k ) 

v ' ' L t "~ 2 L x "~ 2 (RxE«) 



We recall some estimates. The pointwise dispersive estimate is ||e ltA /||Loo( R , 1 - ) < 
TTry ll/IUi(R«)- Interpolating with ||e itA /|| L 2 (R „) = H/Hl^r™) we have the well- 

|t| 2 

known generalized pointwise dispersive estimate: 



(1.12) l|e ltA /||L P (R") < „(J_i) H/ILp'(r«) 

Here 2 < p < oo and p is the conjugate of p. We recall some useful Sobolev 
inequalities: 

fl 1Q1 ||W|| 2(n + 2) 2(^+2) < 2 (n + 2) 2„(» + 2) 

^' 16 > L,- 2 ™ -2 (J) L—L^^ { J) 

and 

(i.i4) £ hhrSHJ) 

If u is an H k solution of idtu + Au = F(u), u(t = 0) := uo and if to G R then, 
combining 13[) with the Strichartz estimates (see for example [5] ), we get 

(1.15) 

\\u\\l?=H1(J) + \\D 3 U\\ 2(„ + 2) 2(n + 2) + ^ u\\ 2(>1 + 2) 2^ + 2) +||w|| 2(„ + 2) 2^+ . 

L t « Lx » (J) L7^(J) L ( - 2 L.- 2 

< II^FII 2(^+2) 2(^+2) + Huollii 

L t 11+4 L/+ 4 (J) 

if j G {1, fc} and we write 

(1-16) u(t) = Ui,t (t) + Uni,t D (*) 

with u/^,, denoting the linear part starting from to, i.e 

(1.17) u Mo := e^-^Mto) 

and u n i t t denoting the nonlinear part from to, i.e 

(1-18) u nUo :=-»/* e < (*-) A F(u(«))ti8 
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Moreover u has a finite energy 



(1.19) E :=±f Rn \Vu(t,x)\ 2 +f Kn F(u,u)(t,x)dx 



2 

with 



(1-20) F(z,z) :=^m 9 {t)dt 

Indeed, 

\J Rn F(u,u)(t,x)dx\ < \\u(t)\\^%_g(\\u(t)\\ L ~) 

;S IK*)[[^s(IK«)ll#0 

: this follows from a simple integration by part 

(1.22) F(z,z) ~\z\&g(\z\) 

combined with (|1.14[) . A simple computation shows that the energy is conserved, 
or, in other words, that E(u(t)) = E(uq). Let % be a smooth, radial function 
supported on \x\ < 2 such that x( x ) = 1 if \x\ < 1. If x e K", R > and u is an 
H k solution of (|1.1|) then we define the mass within the ball B(xo, R) 

(1.23) Mass(B(x ,R),u(t)) := (j B ^ R) \u(t, x)\ 2 dx) ' 
Recall (see [5]) that 

(1.24) Mass(B(x ,R),u(t)) < R sup t > 6[0it] \\Vu(t')\\ L i 
and that its derivative satisfies 

(1-25) d t Mas S (u(t),B(x ,R)) < f^^lW^'^ 2 



R 

Now we set up some notation. We write a << b if a < j^b, a >> b is a > 100& 
and a ~ b if -r^b < a < 1006, a «e b if a < -77^ hrs^wurrb (Here n is the 

100 — — ' a — 100 max (l,iJ) v 

dimension of the space), a »e b if a > 100max(l,i?) n b, a <e b if a < 
100(max(l,£:)) 100 ' i 6 and a ~ B b if j^max (1, E) WOn b < a < 100 max (1, £;) 100 "6. 
We say that C is the constant determined by a < b (or a <e b) if it is the smallest 
constant C — C (E) that satisfies a < Cb. If u is a function then ut is the function 
defined by x — > u/^z) := — /i). If x € M then x+ = x + e for e << 1. If J is an 
interval then we define 



(1-26) 

Q(J, M) := |M| L oc/ffc/ 7) + \\Du\\ 2(„ + 2) 2(„ + 2) + ||Z? fc u|| 2(n + 2) 2(n + 2) +||u|| 2(„ + 2) 2(„ + 2) 

L t " i. " (J) L t " i» n (J) L t "- 2 L^- 2 (.7) 

Now we explain how this paper is organized. In Section [3] we prove the main 
result of this paper, i.e Theorem ll.il The proof relies upon the following bound of 
1 1 it 1 1 2(n+2) 2(^+2) on an arbitrary long time interval 
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2(ii + 2) 2|n+2) 

Proposition 3. " Bound of L 2{n ~ 2> Lx (n 2> norm " Let u be an H k solution of 
1 1.1]) on an interval J. There exist three constants C\ »e 1> C% »e 1, 0, n > 
and b n > such that if \\u\\ Laa jj k < M for some M >> 1, then 



(1.27) 



I 2(ti + 2) 2(n + 2) 

L t L * W 



< (C ig a "(M)) 



C 2 g b " + (M) 



with b n such that 



(1.28) 



bn ■ = 



27t(47t 2 -15rt+22)(467i 2 
(n-2) 2 (6-n) 
(Ti 2 + 12«+4)(44n 2 -62ri+12 
(n+2)(6-n) 



TOn+20) n=3 



By combining this bound with the Strichartz estimates, we can prove, by induc- 
tion, that in fact this norm and other norms (such as ||w||i>»H fc (J)' 2 ("+ 2 > 20+2) 

, etc.) can be bounded only by a constant only depending on the norm of the 
initial data. This already shows (by Proposition ^ global well-posedness of the 
J t J fe -solutions of (jl.ip . In fact we show that that these bounds imply a linear as- 
ymptotic behaviour of the solutions, or, in other words, scattering. The rest of 
the paper is devoted to prove Proposition [3] First we prove a weighted Morawetz- 

type estimate: it shows, roughly speaking, that the L t "~ 2 L£~ 2 norm of the solution 
cannot concentrate around the origin on long time intervals. Then we modify ar- 
guments from Bourgain [1], Grillakis [5] and mostly Tao [11]. We divide J into 

2(i + 2) 2(n + 2) 

subintervals (J;)i<;<l such that the L t ™~ 2 L x n ~ 2 norm of u is small but sub- 
stantial. We prove that, on most of these intervals, the mass on at least one ball 
concentrates. By using the radial assumption, we prove that in fact the mass on a 
ball centered at the origin concentrates. This implies, by using the Morawetz-type 
estimate that there exists a significant number of intervals (in comparison with L) 
that concentrate around a point i and such that the mass concentrates around the 
origin. But, by Holder, this implies that L is finite: if not it would violate the fact 

271 

that the LfLx' 2 norm of the solution is bounded by some power of the energy. 
The process involves several tuning parameters. The fact that these parameters 
depend on the energy is not important; however, it is crucial to understand how 
they depend on g(M) since this will play a prominent role in the choice of Cn for 
which we have global well-posedness and scattering of iJ fc -solutions of JO} ( with 
g(|u|) := log c (log (10+ |u| 2 )) and c < c„): see the proof of Theorem II. 1[ Section 

El 

2. Local well-posedness and criterion for global well-posedness 
In this section we prove Proposition [T] and Proposition [2 

2.1. Proof of Proposition [H This is done by a modification of standard argu- 
ments to establish a local well-posedness theory for (|1.4j) . 
We define 
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(2.1) 

2(ti + 2) 2(ti + 2) 2(n + 2) 2(n + 2) 2(n + 2) 2(.i + 2) 

X :— C([0,Ti],H k ) D D^ 1 L t " L x » ([O.TjJnfl-^ " L x » ([0, Tj]) fl L t ™" 2 Lj"" 3 ([0, 
and, for some C > to be chosen later, 

/ _ 2(r. + 2) 2(n + 2) 

(2.2) X! :=S (£([0,3}], » L x » ([0,r,]),2(7M 
and 

/ 2(n + 2) 2(n + 2) 

(2.3) X 2 :=S (L t - 2 L,- 2 ([0,3}]), 25 

Xi fl X2 is a closed space of the Banach space X: therefore it is also a Banach 
space. 



$:=iinx 2 ^iin x 2 

(2 - 4) u ^ e itA u{0) - i J* e^-^ A (|u|^(t')ti(t')) 



• ^ maps Xi n X 2 to Xi fl X 2 

By the fractional Leibnitz rule (see Appendix) and (|1.14p we have 

(2.5) _ 

DJ(| U | — 2(„ + 2) 2(„ + 2) < ||-D J u|l 2(„ + 2) 2(„ + 2) 1 1 M 1 1 " 2(1 + 2) 2(n + 2) 

L t "+ 4 L x ™+ 4 ([0,T,]) L t ™ L x » ([0,T,]) ^ »-2 ^ »-2 ([0)T|]) 

fl , (ll u llif>fl'*([0,T l ])) 

if j 6 {1, fc}. Therefore by the Strichartz estimates (|1.15[) and the Sobolev 
embedding (|1.14[) we have 

(2.6) 

\\u\\l°°h*(\ot,]) + \\ Du \\ 2i2±i> icn±i> +\\ Dk u\\ 2(^+2) 2(^+2, <M + 8^Mg(M) 

* U ' L t " i B ™ ([0,T,]) L t » L x » ([0,T,]) 

Moreover 

(2.7) 

|w|| 2(n + 2) 2(ti + 2) — ||e !tA Mo|| 2(n + 2) 2(n + 2) 

L t "- 2 L x ™- 2 ([O.Ti]) L t "- 2 I/" 2 ([0,T,]) 



X3(H^«ff(|tt|)) 
< S^Mg(M) 
so that 



(2 8) 2 <"+ 2 > 2 t-+ 2 > ~<* <5«- 2 M 5 (M) 

V ' L t "- 2 L x — 2 ([0,Ti]) 

Therefore if let let C be equal to the maximum of the constants determined 
by (|2~6ll and (|2~8f . then we see that *(linl 2 ) C Xi DX 2 , provided that 
S = 5(M) > is small enough. 



2(n + 2) 2(7i + 2) 

L t "+ 4 L x 11+4 ([0,T,]) 
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Hf is a contraction. Indeed, by the fundamental theorem of calculus 



(2.9) 

., . . , ■■ i ■ / 1 1 

2(n + 2) 2(n + 2) T" ||'"|| 2(n + 2) 2(n + 2) 

L t n - 2 L/- 2 ([0,T,]) L t "- 2 I/" 2 ([0,T,]) 

(\\D(U-V)\\ 2(n + 2) 2(n + 2) + ||L> fc ( M _ W )l 2(n + 2) 2(n + 2) ) 

L t » L x » ([0,T,]) L t » L, " ([0,T,]) 



4 4 
(IMI 2(n + 2) 2(n + 2) + Ml 2(n + 2) 2(n + 2) ) 



l M l 2(n + 2) 2(re + 2) + 1 1 V \ 2(n + 2) 2(n + 2) J 

L t "~ 2 L x — 2 ([0,T,]) L t — 2 Lx ™~ 2 ([0,2}]) 

|-Du|| 2( ra + 2) 2(n+2) + \\Dv\\ 2(,i + 2) 2(n+2) 

i t ** L x " ([0,2}]) L t •> L x " ([0,2}]) 

|D fc u|l afn+21 2(„ + 2) + ll-D^Vl 



— «|| 2(r» + 2) 2(n + 2) 



2(n + 2) 2( n + 2) + \\U V\\ 2(n + 2) 2(n + 2) / r n=T , „-2 /r Q j, 

V \ £ t - t. » ([o,t (] ) i t » l. - ([o,r,]) ; ' - 



5(IMI,L^,ff*=([0,2}])) + fl'dMlif H fc ([0,Ti])) 

< <JM^5(M)||u-u||x 



and if <5 = <5(M) > is small enough then iff is a contraction. 



2.2. Proof of Proposition [2j Again, this is done by a modification of standard 
arguments used to prove a criterion of global well-posedness of (| 1 . 3|) (See [10] for 
similar arguments). Assume that ||m|| 20+2) 2(^+2) < 00. Then 

L t ™- 2 L x — 2 (J mM ) 

• First step: Q{I ma x,u) < 00. Indeed, let e << 1. Let C be the con- 
stant determined by < in (|1.15p . We divide I m ax into subintervals (Ij = 
[tj, tj+i])i<j<j such that 



O IflA \\U\\ 2(n + 2) 2( n + 2) — ri--2 

[Z - W) L t n - 2 L x "- 2 (ij) g—(M) 

if 1 < j < J and 



(0 ID IMI + 2( n + 2) < —^1 

v ' ; L t "" 2 L x "- 2 (jj) g~*~{M) 



Notice that such a partition always exists since, for J large enough, 



EJ e 2(„ + 2) > J 

3=1 <"- 2 > 2 , " ~ ^3=1 log((2C)i||« ||flfc) 

+ ((2CV||«o|| f} ,) 

( 2 - 12 ) = ^3=1 jlog(2C)+log(||u ||^) 

2(r» + 2) 
— 2(n + 2) 2(r»+2) 

L t — 2 L,- 2 (2 moaj ) 



By the fractional Leibnitz rule (see Appendix) and (| 1 . 15|) we have 
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(2.13) 

Q(h,u) <C||u ||ff*+C7||£>(|u|^'u5(H))ll 1^+21 2^±21 + C\\D k (\u\^ug(\u\))\\ 2^ 2^ 

L t ™+ 4 L x ™+ 4 (h) L t ™+ 4 L x "+ 4 (h) 

4 

< C||uo||^fc + C(||Du[| 2(„+2> 2(„+2> + \\D k 2(i + 2) 2(i + 2) )|| W || 2(i + 2) 2(i + 2) 
fl , (ll«IL~H'=( / l)) 

4 

< C||tto[[^ fc + 2C7Q(Ji, "^^ai 2 (re +2) g{Q(h,u)) 

and by a continuity argument, Q{I\) < 2C||uo||#fc- By iteration Q(Ij) < 
(2C) J \\u \\jjk. Therefore Q(I max ) < 00. 
• Second step. We write I max = [a m ax,b ma x\- We have 

(2.14^ 

|e* ItQ || 2(n + 2) 2(i + 2) ^ ||w|| 2(i + 2) 2(i + 2) + 



||DU|| 2(» + 2) 2(„ + 2) ||m|| " 2( 2 „ + 2) 2(i + 2) y(W U \\LrH«(I ma!c )) 

L t » (W) L^^i^^CW) 

< OO 



and, by the dominated convergence theorem, there exists £ such that 
\\e UA u \\ 2^ 

contradiction 



e ltA -u || 2(i+2) 2(i+2) < I (with <5 defined in Proposition^. Hence 

L t ™~ 2 l x "~ 2 (i,b max ) 



3. Proof of Theorem 11.11 

The proof is made of two steps: 

• finite bound of ||u|| £ oo#k( K '), IMI 2 <"+ 2 > 2(1+2) , ||-Du|| 2(1+2) 2(1+2) 

L t "- 2 L x — 2 (R) L, n L x " (R) 

and 2(1+2) 2(1+2) . By time reversal symmetry □ and by mono- 

L t " L m " (R) 

tone convergence it is enough to find, for all T > 0, a finite bound of all 
these norms restricted to [0, T] and the bound should not depend on T. We 
define 

(3.1) T :={re[0,oo):su Pte[0!T] Q([0,i], U )<M } 

We claim that T = [0, 00) for Mq, a large constant (to be chosen later) 
depending only on ||uo||^fe- Indeed 

— S T. 

— T is closed by continuity 

— T is open. Indeed let T G T . Then, by continuity exists 6 > such 
that for T' £ [0,T + 6] we have Q([Q,T']) < 2M . In view of (TOT)) , 
this implies, in particular, that 

2(1+2) b 1 

(3.2) H 2^ <d(^(2M )) C29 " (2Mo) 

L t "- 2 L x "- 2 ([0,T']) 



M.e if i — » lt(i, x) is a solution of ll.lt then t — > u(—t, x) is also a solution of ll.lt 
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Let e << 1. We get from (|1.15|) and the Sobolev inequality ||w||i~L~([o,a]) ^ 

W U \\L^H k ([0,a]) 



fc„.ll .......... I II,, II ™" 2 

2(>i + 2) 2(n + 2) 



(3.3) 

Q([0,a],u) < \\u \\^ k + [ \\Du\\ 2(n + 2) 2(„ + 2) + ||£> fc M|| 2(„ + 2) 2(„ + 2) 

V £ t " ([0,o])L B " £ t " L m " 

5 (ll«ll £f .^ ([0iO]) ) 

4 

< lK|[jff* +Q([0,a],-»)H'»|[" ;t 2 n + 2) 2(„ + 2) 

L t — 2 L,— 2 ([0,a]) 

s(Q([0,a],u)) 

Let C be the constant determined by < in (|3.3p . We may assume with- 
out loss of generality that C » max f Huolljj*, jj^Tprc 1 • Let e << 1- 

Notice that if J satisfies II it II 2(^+2) 2^+2) = „_ 2 — then 

a simple continuity argument shows that 



, ."II 

ao,a])J Lt - 2 L^- 2 ([„,„]) 



(3.4) Q([0,a],u) <2C\\u \\ n 



We divide [0, T ] into subintervals (Ji)i<i<i such that \\u\\ 2(^+2) 2^+2) 
, 1 < i < I and llull 2^+2) 2< n +2> < 



— H=2 , J- ^ « ^ J tUlU *U 2(n + 2) 2(n + 2) ^ ri^l ■ 

g—«2Cy\\u \\ sk ) Lt »-2 ix "- 2 (Jj) g— ((2C)'||«olbfc) 

Notice that such a partition exists by (|3.2|) and the following inequality 
(C 1 g^(2M )f^ +(2M " ) >ELi ^tj- l - - , 

9^^((2C)'||uo|l fi fc) 



(n + 2)c 

log^— (log(10+(2C) 2 '||u || 2 Jis )) 



(3.5) > spJ 1 

log^T— (2i log (2C)+2 log (||« II R k )) 

> X^ 1 1 

~||ii |ljffc Z^i=l TT 
1 12 

-Ikoll^ /2 

Moreover, by iterating the procedure in (|3 . 3|) and (|3 .4[) we get 

(3.6) Q([0,T'],u) <(2CY\\u \\ nk 
Therefore by (|3.5p there exists C = C {\\u \\jj k ) 

(3.7) 

log / < log {(f) + C 2 log (6 " +)c (log (10 + 4M 2 )) log (d log Q " c (log (10 + 4M 2 ))) 
and for M = Mo(||iio]| large enough 

log [C'\ + C 2 log (b " +)c (log (10 + 4M 2 )) log (d log a " c (log (10 + 4M 2 ))) 

(3.8) 



loj; 



< log 



log(2C) 
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since 



log (C')+C 2 log'^ + '^log (10+4M 2 )) log (d log""" (log (10+4M 2 ))) 

7 7 77 \ \ ''Mo^oo " 

(3.9) fio.(-Oa- ^ ' 



in" 



log (2C) 



since c < 

• Scattering: it is enough to prove that e~ lt u(t) has a limit as t — » oo in 



i? . If <i < t2 then we have 



(3.10) 

\\e-^ A u(ti) ~ e-^ A n(t 2 )|| #fc < ||u(t0 - u(ta)|| 5 » 

< (\u\^ug(\u\)) || 2^ 2^ + \\D (\u\^ug(\u\)) || 2^ 2^ 

V 1 i t " + 4 L," + 4 ([tl,*2]) V J i t " + 4 i,"+ 4 ([tl.fa]) 

~ II W 1 1 "2 fn + 2) 2(n + 2) ( | [ -ZZJ^Ii ] | 2(re + 2) 2(ti + 2) + ||-Du|| 2(re + 2) 2(n + 2) 

L t n - 2 L x ™- 2 ([ti,t 2 ]) V L * " L - " ([ti.*2]) it " ™ ([ti.ta])/ 

and we conclude from he previous step that given e > there exists A(e) 
such that i 2 > ii > -4(e) such that \\e~ Ul A u(t 1 ) - er lt2A u{t 2 ) \\ &h < e. The 
Cauchy criterion is satisfied. Hence scattering. 

4. Proof of Proposition 02 

The proof relies upon a Morawetz type estimate that we prove in the next sub- 
section: 

Lemma 4. " Morawetz type estimate" Let u be a smooth solution of U.l\) on 
an interval I. Let A > 1. Then 



(4.1) L f F{u,u){t, x ) d d <EA\I\- 

K ' J I J \x\<A\I\2 \x\ 

with 



(4.2) F(u,u)(t,x) :=fi ulit ' x) s^(^g(s) + sg'(s))ds 



We prove now Proposition [3] 



Step 1 



We divide the interval J = [£1,^2] into subintervals (Ji := [ij, t;+i])i<i<z, such 
that 



2Q + 2) 

(4.3) Ikll 2^+2) 2(„+2) =T)l 

L t n - 2 L x ™- 2 (Ji) 

2(n + 2) 

(4.4) N| 2^ + 2) 2(„_+2) < 171 
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with ci <<e 1 and rji = 2(1+2^ — • It is enough to find an upper bound of L that 

g e-n (M) 

would depend on the energy E and M. The value of this parameter is not chosen 
randomly: it is the largest one (modulo the energy) such that all the constraints 
appearing throughout the proof are satisfied. 



Step 2 



We first prove that some norms on these intervals J; are bounded by a constant 
that depends on the energy. 



Result 1. We have 



Du\\ 2(n + 2) 2(i + 2) < E 1 



(4.5) \\ UU \\ 2 (i + 2) 2(n + 2) 

L t n L x n (Ji 



Proof. 
(4.6) 



\Du\\ 



2(i + 2) 2(i + 2) 



L t " L x » (Ji) L t L^ 4 (J ( ) 

! — 1_ 

+ |M|" 2 (l + 2) 2(„ + 2) 2(n + 2) 2(„ + 2) ff(M) 

Therefore, by a continuity argument, we conclude that \\Du\\ 2(1+2) 2(1+2) <b 

1. 

□ 

Result 2. Let J C J fee swc/i t/iat 

2(i + 2) 

(4.7) T ^ II U H 2^ + 2) 2(n + 2) < m 

L t n - 2 L x "- 2 (J) 

T/ien 

2(i + 2) 

(4.8) IKtJI 2^ + 2) 2(i + 2) >??1 

L f — 2 L x — 2 (J) 

/or j G {1,2}. 

Proof. By Result [T] we have 

(4.9) 

4 

ii-lt|,t, 2(n + 2) 2(^ + 2) < I \D( \U \«- 2 Ug( \U )) 2(i + 2) 2(i + 2) 

L t "- 2 L x "- 2 (J) L t '*+ 4 1,"+" (J) 

4 

< \\DU\\ 2(i + 2) 2(1 + 2) ||U|| " 2(1 + 2) 2(i + 2) 

i t " i. " (J) L t - 2 L.- 2 (J) 



<, 



b ll"lr a(n+2) 2(1+2) g\M) 

L_^- 2 Ij" -2 (J) 



« 7?r <,,+2) 

Therefore flUS) holds. 

□ 
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Step 3 



Wc define the notion of exceptional intervals and the notion of unexceptional 
intervals. Let 



Tin 



n = 3 



(4.10) m 



g (6-n)(n-2) (M) 



£2 „ _ A 

-:',il„-i 2(>,i + 8 , « — 



g (6-n)(n-2) (A/) 

with C2 <<b ci. An interval J; = [ij ,tj +i] of the partition (Ji)i<i<l is excep- 
tional if 



2(ti+2) 2(n + 2) 

(4.11) \\ U l,tl\\ 2^ + 2) 2(,i + 2) +ll U /,t 2 ll 2^ + 2) 2(ii + 2) >% 

L t L x (Jl ) L t n L x (Jl ) 

Notice that, in view of the Strichartz estimates (| 1 . 1 5(1 . it is easy to find an upper 
bound of the cardinal of the exceptional intervals: 



(4.12) card {J; : J; exceptional} <e r] 2 

Step 4 



Now we prove that on each unexceptional subintervals Ji there is a ball for which 
we have a mass concentration. 

Result 3. "Mass Concentration" There exists an xi G W 1 , two constants c <<e 
1 and C»£ 1 such that for each unexceptional interval Ji and for t € J/ 

• if n = 3 



-1571 + 22 l \ -(4ti 2 -15ti + 22) 

(4.13) Mass ( u(t),B(xi,Cg^^ (M)|Jj|a) ) > eg (M)\Ji\ 

ifn 



(4.14) 

( (n-2)(ii 2 +12n+4) 1 \ (2-ti) (re 2 +12H + 4) 1 

u(t),B(xi,Cg 2(»+2)(6-«) (M)\Ji\2)\ >cg 2 (™+ 2 )(f.— ) (M)| J/| 2 

Proof. By time translation invariance0 we may assume that t> = 0. By using the 
pigeonhole principle and the reflection symmetry (if necessary) we may assume 
that 



(4.15) j£ /«» \u(t,x)\^dxdt >f 

2 

By the pigeonhole principle there exists t* such that — 773)! J;|, t*| C 
(with 173 << 1) and 



lil 



2 i.c if m is a solution of HI. Il l and (o £ R then (t, x) — » u(t — io, x) is also a solution of ll.lt 
^if u is a solution of l|l.l|l then (t, x) — > «(— t, x) is also a solution of lll.l|l 
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(4-16) $-l)\J,\ 4" x)\^dxdt< mV3 

(4-17) ^ n \u lM {{U- m )\lMf^dx <^ 

Applying Result [2] to (|4.15|) we have 

(4.18) / t '^ t| / RB Ic^Wl^t-lJil.a:)! 2 ^ 1 didt > s % 

By Duhamel formula we have 

(4.19) 

u(t,|Jj|) =e l ( t -l J 'l-* 1 ) A M (< 1 )- 2 // i t *" %)|Jil e l ( t *l Ji l- s ) A (| U ( S )|^u(s). g (|w(s)|))d S 

and, composing this equality with e l i t - t AJi\)^ wc g C t 
(4.20) 

e i(t-t.|J,|)A u(tit | Jj |) =UMi (t)_ l / t (**-" 3 )l J 'l e ^- s ) A (| u ( s )|^ U5 (| M ( s )|))d S 
We get from the Strichatz estimates (|1.15[) and the Sobolev inequality (1 1 . 1 3|) 



(4.21) 

4 

|K|| 2(1 + 2) 2(„ + 2) < \\D{\u\^Ug(\u\))\\ 2(1 + 2) 2(„ + 2) 

i t "" 2 £*"- 2 ([4„|,7,|,|,7,|]) L t "+ 4 L x "+ 4 ([(4.-^3)17,1,17,1]) 

4 

< ||-Du|| 2(r, + 2) 2(n + 2) IMI " 2(1 + 2) 2(„ + 2) 

L t » L, " ( [(t ,_ TO) |J lMJl |]) ^n-s ix „-2 ([(t.-»?3)|Jl|,|Jj|]) 

#»[|;t,-» 7 3)|Ji|,|Ji|]) 

<75 W^jfM] 



<<?7 2(, + 2, 



Notice also that r/2 << ??i and that J/ is non-exceptional. Therefore jjwi^j |j 2(1+2) 2(1+2) << 



771 and combining this inequality with (|4. 2 1 [) and (|4.18|l we conclude that the 

2(i + 2) 2(i + 2) 

L t ™~ 2 L x n ~ 2 norm of v± on [t*\ J;|, \Ji\] is bounded from below: 

2(i + 2) 

(4.22) IK|| 2^+2) 2 ( „+2) >Vi 

L t — 2 I,- 2 ([4,17,1,17,1]) 

2(i + 2) 2(i + 2) 

By p.!5p . (|4.20j) and (|4.2ip we also have an upper bound of the L t "~ 2 L x "' 2 
norm of V\ on [t*|Jj|, |J/|] 

2(i + 2) 

(4.23) IK II 2^ + 2) 2(i + 2) <E 1 

L t n - 2 L x "- 2 ([4„|7,|,|7,|]) 



L t rl ~^ 2 ([4,|7,|,|7,|]) 
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Now we use a lemma that is proved in Subsection 14.1 
Lemma 5. " Regularity of Vi " We have 



(A24) \\vi,h-Vi\\ 2(„+2) < E \h\ a \Ji\ /3 'y 

1 ' ' L~L^- 2 {[t,\Ji\,\Jl\]) 



with 



• a — i if n — 3; a = 1 if n = 4 

^ n+2 

• 7 = g^^-W) l f n = 3 ;l = ff fri(M) if n= 4; 



(4.25) 

- Vl [| 2(„+2) 2(„+2) < J/| 2 <™+ 2 > \\vi, h - Vl|| 212 



ill 



([t.lJ.I.IJilD _ 2 £r<^"~ 2 ([t.l-HI^ID 

< £ |fc| a |Ji| /J+ '^7 

n-2 ^ ;l _ 2 

Therefore if /i satisfies \h\ — c^\Ji\ * 7^ ° 7 y 2 (™+ 2 ) £ » then 



(4.26) ||«1,J,|| 2(n + 2) 2(n + 2) 

L t — 2 L,— 2 ([t.|J,|,|J!|]) 

Now notice that by the Duhamel formula ui (i) = M; ( tii _^ 3 \i i / ! |(t)— ^^—(i) and there- 
fore, by the Strichartz estimates (|1.15|> and the conservation of energy, II II 2,, <e 

LfLF^(.lf\Ji\,\Ji\]) 

1. From that we get ||wi _2n_ _2n_ <£ | J;|^r and, by interpolation, 

(4.27) 

2 n 
\\Vl,h\\ 2 (" + 2 ) 2(^+2 < ||«l,fe||£i 2 L0 o f r t ,|J.| IJ.nJWl ftH"^, _2n 

and, in view of (14. 26|) 

( 4 - 28 ) ll«i,/ilUri?([*.iJ«i.iJ»i]) ^l^r^f^ 



Writing Mass(v(i), B(x, r)) — r* yf^^ <1 \v(t,x + ry)\ 2 dyj we deduce from Cauchy 
Schwarz and (|4.28|) that there exists ti € Ji\, \ Ji\] and xi E M" such that 

(4.29) Ma M (wi(t,),B(a:,,|/i|)) > l^r^fH^ 

Therefore, by (pT25]) we see that if i? = C A (E)rj^ \ J; \h\-% then 



(4.30) Mass M(t* -Tfe)|Ji|), B(x u R)) > \ Ji\-^Vi 1 W f 

Notice that u((t, - 773) |J;|) = uj, tl ((i» -r7 3 )|Jj|) ~ Wi ((** -V3)\ J l\)- % Holder 
inequality and by (|4.17[) 
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MassiuuJit* - m )\Ji\),B(xi,R)) < J^—L 



(4.31) . w .-../»-v-.»"„ ~~ , J; |TO 2 

Therefore Mass (u((t* - t] 3 )\ J t \), B{x h R)) ~ Mass(vi((t* -rfy)\Ji\),B(xi,R)). Ap- 
plying again (|1.25p we get 



(4.32) Mass{u(t),B( Xl ,R)) > \Ji\'^ Vi ^ \h\^ 

for t E Ji- Putting everything together we get (|4.13j) and (I4.14|) . 

□ 

Next we use the radial symmetry to prove that, in fact, there is a mass concen- 
tration around the origin. 



Step 5 



Result 4. "Mass concentration around the origin " There exists a constant 
C »£ 1 such that on each exceptional interval Ji we have 

• if n = 3 

(4.33) 

(_ (4n 2 -15n + 22)(5n-2) , \ _ (4n 2 - 15n + 22) , 
u(t),B(0,Cg <"- 2 )< 6 —) {M)\Ji\2)\ > eg ~> (M)|J ; | 2 

• if n = 4 

(4.34) 

/ - (Ti 2 + 12n + 4)(5n--2) , \ (2 - n ) (n 2 + 12n + 4) , 

Mass lu(t),B(0,Cg 2 <"+ 2 ><6—) (M)|J ; | 2 ) I > eg 2 («+ 2 >«5-™) (M)|J/| 2 

Proof. We deal with the case n = 4. The case n = 3 is treated similarly and the 
proof is left to the reader. 

Let A := " 2+ (™+ 2 x 4 6-™) 2> (M) for some C » E C (Recall that C is defined in 
(|4.14p ). There are (a priori) two options: 

• \xi \ > ^\Ji\^ ■ Then there are at least (ti _ 2)( ^ +12n+4) rotations of 

lOOCg " 2 <« + 2)(6-«) (A/) 

(n-2)(n 2 + 12n + 4) ! 

the ball B(x t ,Cg 2 (™+ 2 )(6-o (M)\Ji\*) that are disjoint. Now, since the 
solution is radial, the mass on each of these balls Bj is equal to that of the 

(>i-2)(n 2 +12n+4) 1 

ball B(x u Cg 2 <™+ 2 >(6-™) (M)| J t \ 2). But then by Holder we have 



2n 

( 4 - 35 ) Ht)\\^ B) <\Mt)A, (cg Ss ^^r l {M)\Ji\i) n ~ 3 

In 

and summing over j we see from the equality ||w(t)|| n ~2?z ^ E that 



16 



TRISTAN ROY 



- 

2(n + 2)(6-n) 



(2-^(^+1271 + 4) , 

Cff 2(„ + 2)(6-„) (M)|J;|: 



(4.36) 100C 9 2 ("+ 2 '( 6 -"» (AO 

/ (n-2)(n 2 + 12n + 4) ] 

< £ Cg 2(„ + 2)( 6 -„) (M)|Ji|l 

must be true. But with the value of A chosen above we see that this 
inequality cannot be satisfied if C is large enough. Therefore this scenario 
is impossible. 

• \xi | < 4 \Jl I ' • Then by (|4.14|) and the triangle inequality, we see that (|4.34|) 
holds. 

□ 

Remark 4.1. In order to avoid too much notation we will still write in the sequel 
C for C in gg] ). 



Step 6 



Combining the inequality (|4.34|) to the Morawetz type inequality found in Lemma 
2] we can prove that at least one of the intervals Ji is large. More precisely 

Result 5. "One of the intervals Ji is large " There exists a constant <<e 1 
(that we still denote by c to avoid too much notation) and I 6 [1, ..,L] such that 

• if n = 3 

, . 4(4^ 2 -15t 1 + 22)(11t 1 2 -16t.+4) 

( 4 - 37 ) \Jj\ >cg <— 2 ) 2 («—) (M)\J\ 

• if n — 4 

2(r» 2 +12,i + 4)(ll,i 2 -lSr» + 4) 

(4-38) > Cff (»+2)\ 8 -») (M)|J| 

Proof. Again we shall treat the case n — 4. The case n = 3 is left to the reader. 
There are two options: 

( re 2 + 12re + 4)(5re-2) ± 

• J; is unexceptional. Let R := Cg 2(»+2)(6-™) (M)\Ji\i . By Holder in- 
equality (in space), by integration in time we have 

( 4 ' 39 ) L, Ib(o,r) '" (t ti|^ dxdt ^ \Ji\Mas8& (u(t),B(0, R)) R^ 
After summation over / we see, by (|4.34p and (|4.1[) that 



(4.40) 

2n 

T f (2-n)(Ti 2 + 12n + 4) ,\ * ~ 2 / (5n - 2) (ti 2 + 12n + 4) 

<£f =1 |J,| (g 2(n +2 )( 8 -„) (M)|J,|*J (C<? 2(„ + 2 )(6 -„, (M)|J,|1 

, (5»i-2)( t i 2 + 12r»+4) 
< C£;|J|2 5 2 (n + 2)(6-n) (M) 

and after rearranging, we see that 

/. .-.n r , (ra 2 +12ra+4)(ll7l 2 -16n+4) , 

(4.41) Eti\ J i\ h 9~ <"+ 2 » 6 -) (M) <^|J|5 



2 ■ ■:',» 

71-2 
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and therefore, writing Ylt=i \ — ~ r ' we conclude that there 

exists a constant «£ 1 (still denoted by c) and I G [1, -,L] such that 

, . . 2(n 2 + 12n + 4)(lln 2 -16n+4) 

(4-42) > cff ( »+2)(a- n) {M)\J\ 

Therefore (jlUS)) holds. 
• J; is exceptional. In this case by (|4.12p and 

( 4 43 ) Ef=il J il' %e V2 1 snp 1 < l < L |J;|3 

and therefore (see the end of the proof of the previous case) we see, after 
plugging the value of rj 2 that there exists a constant <<e 1 such that (|4.38|) 
holds. 

□ 



Step 7 



We use a crucial algorithm due to Bourgain [T] to prove that there are many of 
those intervals that concentrate. 

Result 6. " Concentration of intervals " Let 



(4.44) 



_ 4{4n 2 - 15?T + 22) (lln 2 -16n + 4) 

J eg <"- 2 )"< 6 -") (M), n = 3 

_ 2(ti 2 + 12^ + 4)(11^ 2 -16ti + 4) 

eg ("+ 2 )( 6 -") (M), 71 = 4 



Assume that L > 1. TTien £/iere exists a time t, K > and intervals J/ l; 

(4.45) IJjJ > 2|J, 2 |... > 2 fc - 1 |J ifc |... > 2^" 1 |J iif | 

such that 



(4.46) dist{i 7 J lk ) ^rT 1 

and 

Proof. There are several steps 

(1) By Result [5] there exists an interval Ji x such that \ Ji 1 \ > rj\J\. We have 
dist(t,J h ) <\J\< »rViili i e J - 

(2) Remove all the intervals J/ such that |J;| > By the property of J/ x , 
there are at most 2?7 _1 ) intervals satisfying this property and consequently 
there are at most 4n _1 remaining connected components resulting from this 
removal. 

(3) If L < lOOry -1 then we let K = 1 and we can check that (|4.47p is satisfied. 
If not: one of these connected components (denoted by K\) contains at 
least \L intervals. Let L\ be the number of intervals making K\. 
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(4) Apply (1) again: there exists an interval J; 2 such that |J/ 2 | > r}\Ki\ and 
dist(t,Ji 2 ) < \K\\ < 77 _1 |J/ 2 |. Apply (2) again: remove all the intervals 
Ji such that | J; | > By the property of J; 2 , there are at most 2i]~ 1 
intervals to be removed and there are at most 4?7 _1 remaining connected 
components. Apply (3) again: if L\ < lOOr; -1 then we let K = 2 and we 
can check that (|4.47p is satisfied, since K\ contains at least intervals; 
if Li > 10077 - 1 then one of the connected components (denoted by K 2 ) 
contains at least |Li intervals. Let Li be the number of intervals making 

K 2 . Theni 2 > (§) 2 L. 

(5) We can iterate this procedure K times as long as Lk > 1. It is not difficult 
to see that there exists a K satisfying (I4.47|) and Lk > 1, since Lk > 

□ 

Step 8 



We prove that L < oo, by using Step 7 and the conservation the energy. More 
precisely 

Result 7. "finite bound of L " There exist two constants C\ >>e 1 and C2 >>e 

1 such that 

• if n = 3 



(4.48) 



L < \ C l9 

if n = 4 



-15re + 22)(lln 2 -16n + 4) 
(n-2)^(6-7.) 



■(M) 



C 2 g 



2n(4n 2 - 15^ + 22) (46n 2 -70ti + 20) 
(n-2) 2 (6-n) 



(M) 



(4.49) 



4(Ti^ + 12re + 4)(llTi^ -16n + 4) 



C 2 9 C«+2)(8-n) + 



Proof. Again we shall prove this result for n = 4. The case n = 3 is left to the 

(ra 2 + 12Ti4-4)(44n 2 -63ti+14) 1 

reader. Let i? := Cg 2 (™+ i X 6 -™^ (M)|J/| 2 . By Result[3]we have 

( 4 - 5 °) Mass(u(t),B(xi k ,R)) > cg ^i+Ve-"* 4 ' (M) | J; 1 5 

for all t € Ji k . Even if it means redefining C then we see, by (11.25)) and (|4.46|) 
that (|4.50|) holds of t — i with c substituted for | . On the other hand we see that 
bv (fTM thatB 

(4 51) J2k'=k+N Ib(x, ,,r) \u(t,x)\ 2 dx < (377- + 2^tt— • + er2 

< 2 N-i ER 2 



i.e making it larger than its original value modulo a multiplication by some power of max (1, E) 
5 Notation: Vf; , , „ a, , = 0, if k > K 

'—'k — k + N k 3 
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Now we let N = C' log (g (M)) with C' » E - log c so that < \c 2 g^ £+2><«-») +4) (M)| Ji\. 
By (|4.50p we have 

(4.52) Jb( x , , R) Hi,x)\ 2 dx <hj B{xik , R) Hlx)\ 2 dx 

k' 

Therefore 

/ \u(t,x)\ 2 dx >\! B{xi R) \u(t,x)\ 2 dx 

Blx,, ,R)/U K , B(x, , ,R) ^'h '"•> 

(A k k =k + N k ' 

V^- uo 7 (2-Ti)(n 2 + 12.i + 4) 

> c 2 g (" + 2X6-") (M) iji 



and by Holder inequality, there exists a constant < <e 1 (that we still denote by c) 
such that 

(4.54) 

_ 2 n ~ (re 2 + 12Ti+4)(44re 2 -62Ti + 12) 

f |u(f, a;)|^ > eg (»+»xs-.») (M) 

and after summation over fc, we get 

, . -(, 1 2 + 12 n + 4)(44 n 2 -62 n +12) 

(4.55) ("+ 2 )(6—) (M) < E 

since VVn y „ < TV and lltt(t)|l B % n < E. Rearranging we 

^ — — -I B(x, ,R)/U K . Blx, ,R) — 11 V 1 " t — 

fe fc =fc + N 'n.' 

see that there exists a constant »£ 1 (that we still denote by C) such that there 
are two constants G\ >>e 1 and Ci »e 1 such that 



(ti^ + 12ii + 4KH" -<;2» + 12) 

. C 2 log (g(M))g (n+2)(6-n) (M) 

4(n z + 12n + 4)(lln ,i -16n + 4) \ ^ '' s 



(4.56) 

L < [c ig * ' (-+ 2 ')o ■• — 

We see that (|4~49l) holds 



Step 9 



This is the final step. Recall that there are L intervals J; and that on each 

2 ("+ 2 ) 

of these intervals except maybe the last one we have 2(^+2) 2(^+2) = ?7i- 

L t — 2 L,"" 2 (J) 

Therefore, there are two constants »e 1 (that we denote by C\ and C2) such that 
holds. 

□ 

4.1. Proof of Lemma [5J In this subsection we prove Lemma [5j There are two 

cases 

• n = 3 

By the fundamental theorem of calculus (and the inequality \\Dv 1 Hl^l 2 ([t„| j, |,| j,|]) 
£J5 ) we have 



< 
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( 4 - 57 ) \Wh-u\\ LrL 2 ([tA J llW]) <E2\h\ 

Moreover, by Sobolev (and the inequality ||tt||£ oo x, 8 ([t M ,|j l |,|j l |]) ^ E® ) we 
have 



( 4 - 58 ) IK - «||£ t °°£g([t.|Jj|,|Jj|]) < Ei 

Therefore, by interpolation of (|4.57p and (14. 58[) . we get 

(4-59) K-«IUrL«[t.|J,|,|J,|]) <Ei\h\i 

Now, by the fundamental theorem of calculus, the inequality \x\g {\x\) < 
g(\x\), (fT22]) and (fl~19)l we have 

(4.60) 

\\\u(s)\^u(s)g(\u(s)\) - \u h (s)\^u h (s)g(\u h (s)\)\\ L i < jK(s) - u( S )\\ L3 \\u(s)g^ (u(s))\\l B 

(Hs)\)\\l°° 
<B^(M)|h|i 

and, by the dispersive inequality p. 120 we conclude that 

(4-61) ||»i,h-« 1 |U-L ? ([t.|j„|j,|]) <ETi3 k \Ji\-?g^r{M)\h\% 

Interpolating this inequality with 

(4.62) 

IK,/, - UilUfiidt.l^l.lJ)!]) = IK,(t.->73)|Jil.>> ~ u l,t u h ~ ~ u Mi)IUr i S([*.l J il.|J'il]) 

< £3 

we get (gmjl. 

• n = 4 By the Fundamental Theorem Of Calculus we have 



(4.63) 



(4.64) 



\\v lt h ~ Ul|| 2(„ + 2) < 2(^ + 2) |/l| 

But, by interpolation 



ll^lll ^±21 <ll^lll£iL2 ([tt | j! || j! | ]) ||^l||" +2 ^ 

l x ™ ([t.iJ t |,iJiiD ^ri"" 4 ([t.i^i.i^i]) 



< E II Dm II "+ 2 



ll^lll 



LfiF^dt, |J,|,|./,|]) 



So it suffices to estimate \\Dvx\\ . By (fl~T9l) . (fl~22l and 

Lr^ n_4 ([*.i-fji.i-fji]) 

Result Q] we have 
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(4.65) 

\\D(\u\^ug(\u\ 



£ oo i »T5([ tl) ( t ._, 3 )|j I |]) 



< WDuW^^^^.^^j^Wug"^ (\u\)\\ n 2 ^ 

^ L^L^ [«!,(*- — 173)1 ./i I 

fl ,_S_ (l[«Jlif jtf*([ti,(t*-»7 3 )|J,|])) 



and by combining (|4.65|) with the dispersive inequality (|1.12p we have 



(4.66) 



if ix"" 4 ([t.|J(|,|J(|]) 



< 



< 



< 



j(t,- m )\Ji\ ||£) e i(*-«)A(| ti ( s )|^ u ( a ) ff (| u ( 



(t,-j? 3 )|J;| 1 



I* — s 1 
-i| 7.1-1 



\\D{\u(3)\»-*u(s)g(\u(s)\)) j- 



£?°(tt.|Jil.|Jil]) 
i|°([t.|^|,|Jj|]) 



We conclude from (|4TM|) and g^gD that g^H) holds. 
• n = 5 

4.2. Proof of Lemma [H By (jl.ip we have 
(4.67) 

d t %{d k uu) = u\\u\^ug(\u\)d k u-d k (\u\^ug(\u\))\ + U(A(d k u)u-Aud k u) 
Moreover 



(4.68) ±<9 fc A(M 2 ) = 2d,^.{d k udju) - U(d k uAu) + M{uAd k u) 

Therefore, adding (1467]) and (|4~68]) leads to 

(4.69) 

d t $(d k uu) = -2d^(d k ud^) + ±d fc A(M 2 ) + ft riul^ufffluUflfcti - fttdul^uffduDJu 



It remains to understand 5ft 



|u|"- 2 ug(|u|)5 fc u - d k (\u\"- 2 ug{\u\))u 



. We write 



(4.70) 
with 



ift 



|u|»- a Ufll(|«|)^fcU - 5fe(|M|"- 2 M5(|u|))M 



= Ai + 4.2 



(4.71) 
and 



Ai := 5ft 



|u|"- 2 u5(|u|)d fc u 



(4.72) A 2 := -»(^(|u|^u fl (|u|))t 

We are interested in finding a function F\ : C x C — > C, continuouly differentiable 
such that Fx(z,z) = Fi(z,z), Fi(0,0) = and A± — d k Fi(u,u). Notice that the 
first condition implies in particular that dzF\(z, z) = d z F\(z, z). Therefore we get, 
after computation 
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d Fi (z z) - |z|r " 2Zg(|z|) 

(4.73) O z t^z,z) - ^ 

dsF^z) = l'l"- 3 2 'g(l'l> 
and by the fundamental calculus, if such a function exists, then 

F 1 (z,z) =J^F[(tz,tz)-(z,z)dt 

(4.74) = 23tf^d z F 1 (tz,tz)zdt 

= f Q 1 \tz\^t\z\*g(t\z\)dt 

and, after a change of variable, we get 

(4-75) Fl (z,z) =f^t^g(t)dt 

Conversely it is not difficult to see that F\ satisfies all the required conditions. 
We turn now to A 2 . We can write 

(4.76) A 2 = A 2 ,i + A 2 . 2 
with 

(4.77) A 2>1 :=-M(d u (\u\^ug(\u\))ud k u} 
and 

(4.78) A 2 . 2 :=-$t(d u {\u\^ug(\u\))ud k u S ) 

Again we search for a function F 2j i :CxC^C and continuously differentiable 

such that F 2y i(z 7 z) = F 2i i(z,z) and A 2 _\ = d k F 2 _\{u,u). By identification we have 

r\ T-i / — \ \z\^z({^+i)a(\z\)+ a ' (\Z\)\Z\) 
(4 79) d z F 2tl {z,z) = — i 5 >- 

a „ , _x N^z((^+i) s (N)+ s '(N)N) 
dzF 2 .i(z,z) = * 2 

and by the fundamental theorem of calculus 

F 2 ,i(z,z) = J Q F 21 (tz,tz) ■ (z,z)dt 

(4.80) = Jq 1 23? (d z F 2A {tz, tz)z) dt 

= Jo ((^5 + l) 9(\tz\) + g(\tz\)\tz\) t|z| 2 dt 

and, after a change of variable, we get 

(4.81) F 2A (z,z) =-J^t^((^ 2 +l)g(t)+g(t))dt 

Again, we can easily check that F 2t \ satisfies all the required conditions. By using 
a similar process we can prove that 



(4.82) 



-4-2,2 =d k F 2 , 2 (u,u) 
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with 

(4.83) F 2 , 2 (z, z) = - ^ 1& (^g(t) + tg'(tj) dt 
Therefore we get the local momentum conservation identity 

(4.84) dt^s(d k uu) = -28^{d k u~8~u) + \d k A(|w| 2 ) - 8 k (P(u, u)) 

with F(u,u) defined in (|4.2p . This identity has a similar structure to the local 
momentum conservation that for a solution v of the energy-critical Schrodinger 
equation 

(4.85) 8 t % (8 k vv) = -2d^{8 k vd^) + ±d k A(\v\ 2 ) + 8 k (-l\u\^) 

With this in mind, we multiply (|4.84[) by an appropriate spatial cutoff, in the 

same spirit as Bourgain 1 and Grillakis [5], to prove a Morawetz-type estimate. 

We follow closely an argument of Tao [TT]: we introduce the weight a(x) := 
i 

2\ 5 




X I T 

■ where x is smooth function,radial such that x(M) = 

\A\I\2 J 

1 for \x\ < 1 and x(M) = f° r \ x \ > 2. We give here the details since this equation, 
unlike the energy-critical Schrodinger equation, has no scaling property. Notice that 
a is convex on |x| < since it is a composition of two convex functions. Wc 

multiply (|4.84[) by 8 k a and we integrate by parts 

(4.86) 

8 t J M n 8 k aZs(8 k uu) = 2 J R „ djd k a3l(dkudju) - \ J Rn A(Aa)|w| 2 dx 4- J Rn AaF(u, u)(t, x) dx 
A computation shows that for < \x\ < A\I\^ 



(4.87) Aa =_2rJ_( e a + ^_) + —d^- e 2 + 
and 



(4.88) 

-AAa 



(n-l)(n-3) | 


^2 + l*| 2 > 


_3 

| " | 6(n-3)e 2 , 


r £ 2 + 




(A|/|i) 4 


V (A\i\i) 2 J 


(A|/|i) 4 




(A|/|2) 4 \ 



M 2 

(A|7|3) = 



Moreover we have |-A(Aa)| < ^— , |Ao| < ^t— and \d^d k a\ < V- 

' (A|/|5) 4 ' ' ' ~ (A|/|3)2 (A|/|2-)2 

for Al/I < Id < 2A\I\i and |<9 fe a| < -^-r for Ixl < 2A\I\i . Therefore by the 

A|/|2 

previous estimates, (I1.19[) , (|1.22p and the inequality |a:|<7 (|x|) < t/(|a;|) we get, after 
integrating on / x E™ and letting e go to zero 

(4.89) 

I^T // 4|<A|/|i ^TT^ dxdt ~ C(A\I\^E\I\ - C(A\I\i)-*E(A\I\i)*\I\ < E 



for some constant C > 1 . After rearranging we get (|4.1 



24 



TRISTAN ROY 



5. APPENDIX 
We shall prove the following Leibnitz rule: 

Proposition 6. "A fractional Leibnitz rule" Let < a < 1, k > 2, (3 >k — 1, 

(r,r ll r 2 ) € (l,oo) 3 , r 3 G (l,oo] be such that ± = £ + i + i. Let F : K+ -> M &e 
a C fc+1 - function and let G := C x C — » C 6e sucft iftai 



(5.1) 
and 



(5.2) 

/or < i < k. Then 



\G®(x,x)\ = 0(\xf +1 ~ l ) 



(5.3) 



i/ere i^ 1 ' and denote the i th - derivatives of F and G respectively. 

Proof. The proof relies upon an induction process, the usual product rule for frac- 
tional derivatives 



(5.4) \\D^(fg)\\ Lq <\\D^f\\ Lqi \\g\\ Lq2 + \\f\\ Lq3 \\D^g\\ Lq 

and the usual Leibnitz rule for fractional derivatives : 



(5-5) \\D^H(f)\\ Lq <||^(/)|| £ «||D aa /|U« 

if H is C\ < a x < oo, < a 2 < 1, (g, qi, (fe, q 3 , Qa) € (l,oo) 5 , | = i + i and 
(see Christ- Weinstein [3] ) @. Moreover we shall use interpolation and 



1 = i + J, 

9 93 94 

the properties of F to control the intermediate terms 
Let k = 2. Then 



(5.6) 

||r> a - 1+a (G(/,/)F(|/|))|| £r 



< 



£> a V(G(/,/)F(|/|))|| ir 

£>«(^G(/,/)V/F(|/|))|| ir + ||D a (^Gf(/,/)V/f 
D a (F'(|/|)(2»( 1 f)) VfG(fJ)]" 



<A 1 + A 2 + A 3 

We estimate Ai. A 2 is estimated in a similar fashion. By (15. 4[) . (|5.5p and the 
assumption F (x) — O y^r^\ 

(5.7) 

Ax < \\D-(d z G(f,.f)F(\f\))\\L^\\Df\\L" 5 + \\d z G{fJ)F{\f\)\W4D^ +a f\\ L r, 

< (||G''(/J>(|/|)|| i . r + 11^(1/1)0' (/,/)|| i . r )||£>«/|| i . 8 || J D/|| i . 5 + \\\ffF(\f\)\\Lre\\D^-^f\\ L r 

< ll/ll^ll^l/Dlks \\D<*f\\ L r 8 \\Df\\ L r 5 + \\ff Lri \\D^-^f\\ Lr2 \\F(\f\)\\ L r 3 



^notice that in [3], they add the restriction < ai < 1. It is not difficult to see that this 
restriction is not necessary: see Taylor [8] for example 
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with i = i + I i + i = l,l = I + l I = tl + i and l = k«i + «i 



(with B\ 



l + Q I 



Notice that these relations determine r^, 4 < i < 8. Notice also 



that they imply that — = — + 1 6l . Now, by complex interpolation, we have 



(5.8) 
and 



\D a f\\ 



< 



L''2 



(5-9) \\Df\\ L r 5 <\\ff- 

Plugging (|5J§ and dSHJ) into j5J]) we get ([53]) 

We estimate ^3. 



-^||Z>(a-i)+«/Hi l . 



L r 2 



(5.10) 

A* < 



D> 



(F'{\f\)^G{fJ) 



< A31 + ^3,2 



\\Df\\^ + \\D^f\\ L r 2 F '(\f\)^G(fJ) 



Using the assumption F' (x) = O (^f) we get A 3 , 2 < 11/11^ P 1+Q /IU- l|F(|/|) 
Moreover, by ( 15. 51 ). the assumptions on F and G, (|5.8p and 15.91 get 



(5.11) 
A 



34 < (ll^'(l/l)G(/,/)|U, 7 + ||F'(|/|)G'(/,/)|U.)||^/|| L , 8 ||F/|| 

<lini/l)l/lMl^lP a /IMlAflk5 



L r 5 



< 



I^P 1+a /ll^ll*XI/l)lk 3 



Now let us assume that the result is true for fc. Let us prove that it is also true for 
k + 1. By (|5.4|) we have 



(5.12) 

\\D k +<*(G(fJ)F(\f\))\\ L r 



< 



D k-l+« V (G(fJ)F(\f\))\\ L r 

I»*- 1+a a,Gf(/ s /)V/F(|/|)||zr + ||r> fc - 1+Q d 2 G(/,/)V/F(|/|)|| L , 



jjk—l-\-a 



G(/,/)F'(|/|)(25R(^))v/ 



< i4 x + A 2 + A 3 

We estimate and A 3 . A 2 is estimated in a similar fashion as A 1 . By (|5.4[) . (|5.5 
and the assumption \d z G(f, f)\ < |/|^ we have 



(5.13) 

4 < \\D k+a f\WA\d z G{fJ)n\f\)\\L^ + \\D k -i+«(d z G(fJ)F(\f\))\\ r ,\\Df\\ 



< \\f\\l ri \\D^- 1+a fh^\\F(\f\)\\^ +A' 



'L r 5 



with r 4 , r 5 such that -h- 



1 _ 1 j_ 



Notice that, since the result is true for k, we get, after checking that d z G satisfies 
the right assumptions, 



(5.14) \\D k -^{d z G{fJ)F{\f\))\\ L r < ll/ll^ll^-^/ll^llFd/DH^s 
Notice also that, by complex interpolation 
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(5.15) 
and 



\Df\ 



< 



L r 5 



\^\\D^- 1+a f\\ 



L'2 



(5.16) 



|£ fe -i +Q/ || 



< 



Z/8 



-1+a 



/II 



L r 2 



Combining ([534]) . (1535]) and (|5?16|) we have 



(5.17) 



< 



,,11^/11^ 11^(1/1)11^ 



Plugging this bound into (|5. 13[) we get the required bound for A l l . 
We turn to A 3 . Let r 7 be such that \ + \ — \. We have 



(5.18) 

4 < 
< 



D" ~'~\u(j,j)P UJIJr/Tj LT ' i \\ 1J J\\ Lr ' b ^\\iJ"-~j\\ L -r 2 \\u\ K j,j)i< {\j\)\\L-e 
(G'(fJ)F'(\f\) + G(fJ)F (l/l^^ + ^Ga/Vd/DII^II^-^/ll^l^/ll^ 



G(fJ~)F'(\f\)^ 



\\Df 



\\D k+a f\WA\G{fJ)F 



\\D k - a f\WA\f\\^\\F{ 



/3-l||£)fe-l + Q 



<ll/| 

< ll/ll^n ll^/IU-Tl^d/Dlk- 



/IU IIAflU + P fc+a /IU" 2 ll/ll^ ||F(|/|)|| L ,3 



□ 
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